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Abstract  
We examine top-down prize allocation in contests in which the number of contenders affects prizes and costs. There are two groups of contenders. The government allocates a fixed prize among the two groups. Then, the contenders in each group respectively compete for the prize. Examining top-down prize allocation in such contests, we obtain the following results. The aggregate effort increases in the prize share of the larger group. In contests with size effect through costs, the aggregate resource expended in contests and the aggregate payoffs are independent of group size distribution if the prize is allocated in proportion to group size. Integration of contests with size effect through prizes can yield higher aggregate payoffs than the decentralized contests. 
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1.  Introduction

Contests are a resource-allocating mechanism in which contenders expend resources to win prizes and winners are selected by rules based on the resources expended by the contenders.
 A large set of economic, political and social interactions can be modeled as a contest. Examples include, among others, elections, wars of attrition, R&D contests and sporting contests. Prizes in such contests span a wide variety of objects from pecuniary prizes to non-pecuniary prizes such as pride, fame, honor, and so on.  
The number of contenders in contests can affect prizes and costs of effort. Pride and honor of winners in sporting contests would naturally increase in the number of contenders. For example, the more contenders in the Olympic game, the more pride the medalists would enjoy. Eggert and Kolmar (2006) examine contests in which prizes increase in the number of contenders. They show that an individual utility can decrease initially and then increase with the number of contenders in such contests. On the other hand, the cost of effort can decrease via external economies as the number of contenders increases. For example, the more competitors located in a particular region, the larger the external economies via knowledge spillover among the competitors. Suppose that each location (for instance, state) has several research institutions which may compete for a patent. Then, as the number of research institutions in the region increases, external economies via knowledge spillover may increase [e.g., Krugman and Obstfeld (2004)], thereby decreasing unit cost of effort in contest. The external economies can arise either due to geographical proximity or co-opetition as suggested by Brandenburger and Nalebuff (1998). Lee (2007) examines contests in which cost of effort is affected by the number of contenders.

In many contests, contest organizers allocate prizes among competing groups. There then follow intra-group contests for the prizes. Examples abound. To name a few, research fund allocation, university budget allocation for recruitment of faculty members, government budget allocation among local governments or competing industries, and so on. As the first example, consider research fund allocation among competing disciplines by authorities in charge of research fund administration. The authorities in charge of research fund, such as Korea Research Foundation, allocate fixed amount of research fund among competing disciplines such as chemistry, physical science, micro-biology, etc. Then, researchers within each discipline compete for the research funds. University funds for recruitment of new faculty members are also allotted by university authorities in a similar way among competing colleges. There then follow intra-college competition among departments to obtain the funds. 
As examined by Katz and Rosenberg (1989), government budgets in democratic countries are allocated in a similar top-down way. Local governments then distribute the funds among municipalities. Once the budget is secured, there follow the struggles to obtain a larger share of the budget. To cope with the recent economic crisis, many governments around the world have pumped in relief funds to ailing industries. There have been fierce competitions among ailing industries to secure relief funds from the governments, mostly in financial industries, insurance industries, and automobile industries, in particular, in the USA. 
The purpose of this paper is to examine the effects of top-down prize allocation in contests in which the number of contenders affects prizes and costs. We consider the following scenario. There are two groups of contenders. The government (or a central planner) allocates a fixed prize or fund among the two groups. Then contenders in each group respectively compete for the prize. The prizes and costs of effort are affected by the number of contenders, as in Eggert and Kolmar (2006), Lee (2007), and Lee and Lee (2010). The model of the present paper is similar to that of our companion paper, (Lee and Lee (2010)). While Lee and Lee (2010) examine endogenous share determination in allocation of prizes, however, the present paper focuses on top-down prize allocation. Moreover, the present paper employs a more general form of contest success function than Lee and Lee (2010).
This paper shows that the aggregate effort increases in the prize share of the larger group. In contests with size effect through costs, the aggregate payoffs prove to increase in the prize share of the smaller group. Integration of contests with size effect through non-pecuniary prizes can yield higher aggregate payoffs than the decentralized contests. Moreover, an increase in the number of contenders renders it more likely that the aggregate payoffs in the integrated contest are greater than those in the decentralized contests. 

The theme of the present paper, prize allocation in contests, is related to contest design. Dasgupta and Nti (1998) consider the choice of a contest success function when the contest designer may also value the prize. Gradstein and Konrad (1999) examine the optimal contest structure that maximizes the aggregate effort expended in the contest. Glazer and Hassin (1988) consider the optimal structure of prizes. Gradstein (1998) compares simultaneous (S-) contests and pair-wise multistage (T-) contests, focusing on volume and timing of rent-seeking efforts. Moldovanu and Sela (2001) examine optimal allocation of multiple prizes in contests. 
The remainder of the paper is organized as follows. Section 2 examines prize allocation in contests with size effect through costs. Section 3 examines contests in which size effect is realized through non-pecuniary prizes. The final section offers concluding remarks with possible extensions. 
2. Contests with size effect through costs
This section considers contests with size effect through costs. Consider a situation in which the government allocates a fixed amount of prize (or budget) Z to two groups of contenders. The groups of contenders may be regions or academic fields. The contenders may be firms, research institutions, local governments, or individuals. Total population of N contenders are divided into two groups denoted 1 and 2, respectively, where N ≥ 2. Group i consists of ni contenders, where 1 ≤ ni ≤ (N-1) for i = 1, 2, and n1 + n2 = N. 

Once the prize is allocated to the two groups, the contenders in each group respectively compete to win the prize. Let si denote the proportion of the prize given to group i, where 0 ≤ si ≤ 1 for i = 1, 2, and s1 + s2 = 1. That is, the government allocates siZ amount of prize to group i, for i = 1, 2.  Subsequently, ni contenders of group i compete for the prize siZ, for i = 1, 2. When s1 = 0, all the prize is given to group 2. The contest for the prize takes place only in group 2. When s1 = 1, all the prize is given to group 1. The quest for the prize takes place only in group 1. When 0 < si < 1, the quests for the prize take place in both groups.      
Risk-neutral contender j of group i expends an amount aij of resource in units commensurate with the prize, for i = 1, 2, and j = 1, 2, …, ni. Using the resource aij, contender j of group i produces “effort” eij to be used in the contest.
 We assume that the production function of eij is given by, for i = 1, 2, and j = 1, 2, … ni, 

eij  = (ni)g aij,                                                                                                    (1)

where g belongs to the closed interval [0, 2] as in Eggert and Kolmar (2006) and Lee (2007). If g > 0, the production process of effort is associated with external economies.
 The contenders can produce more effort with the same amount of resource as the number of contenders increases. If g = 0, the number of contenders has no effect and eij  = aij. Note that the unit cost of effort is given by 1/(ni)g in units commensurate with the resource. The more contenders in the contest, the lower the unit cost of effort if g > 0.
 The total cost of effort eij is given by the amount of effort times unit cost, i.e., (eij)(1/(ni)g)   = eij /(ni)g  =  aij. 

As an example of the effort eij, consider rats raised by contenders (firms) for tests in the search for the new medicine. The more contenders in the search, the lower the unit production cost of rats. This is the case if the contenders share the rat-raising process and if there are benefits from division of labor. The effort eij can also be viewed as arrows used in the hunt. The more hunters share the production process of arrows, the lower the unit production cost of arrow. 

      The probability that contender j of group i wins the entire prize, or the fraction of the prize accruing to contender j of group i, is given by
          pij   =     (eij)b/Σk(eikb),                                                                                  (2)
Simple calculation shows that pij = (eij)b/Σk(eikb) = (aij)b/Σk(aikb). Slightly revising the assumption in Eggert and Kolmar (2006) and Lee (2007), we assume that the decisiveness parameter b belongs to the interval (0, 1].
 
Contender j of group i solves the problem, for i = 1, 2, and j = 1, 2,… ni  

   Max vij  ≡  pij si Z  - aij = pij si Z -  eij /(ni)g.                                                        (3)

 eij 
The maximization problems in Eq. (3) differ from those in conventional contests in that group size effects are explicitly included in cost of effort. Simultaneous solution of the maximization problems in Eq. (3) gives the equilibrium effort e(ni, b, si, g, Z) of each contender, individual payoff v(ni, b, si , g, Z) to each contender, and group payoff W(ni, b, si, g, Z) as follows:
        e(ni) =  b(ni - 1)(ni)g-2si Z,                                                                               (4)-1
v(ni) = [(1-b)ni + b] si Z/(ni)2,  and                                                                 (4)-2
W(ni)  = ni v(ni) = [(1-b)ni + b] si Z/ni,    for i = 1, 2.                                     (4)-3 
Note that the variables (b, si, g, Z) are omitted in e(ni), v(ni), and W(ni), as no confusion may arise. However, the group size parameter ni is present in Eqs. (4), as the parameter ni plays an important role in the ensuing analysis. When ni = 1, no effort is expended since all the prize accrues to the only member in group i. Also, when si = 0, e(ni), v(ni), and W(ni) in Eqs. (4) are all zero since there no longer exists the prize to quest for. 

Notice that the individual payoff and the group payoff are not affected by the parameter g. This can be explained as follows. Positive size effect through costs would decrease unit cost of effort in contest, which in turn increases effort. The decrease in unit cost of effort is exactly offset by the increase in effort, thereby leaving the individual cost of effort eij /(ni)g unaffected by the parameter g.
 Thus, the individual payoff v(ni) and the group payoff W(ni) are unaffected by the value of g, too. This is confirmed by checking that the cost of effort eij /(ni)g (= b(ni - 1) si Z/(ni)2) is not affected by the value of g. 
        From Eqs. (4), the aggregate effort can be obtained. The aggregate effort E expended in the contest is 
E(n1,n2,b,s1,s2 ,g,Z)  ≡  n1 e(n1) + n2 e(n2) 
=   b(n1 - 1)(n1)g-1s1Z + b(n2 - 1)(n2)g-1s2Z .                                             (5)-1
The larger the value of g, the greater is the aggregate effort. The cost of aggregate effort, i.e.,  the aggregate resource expended in the contest, R, is  
R(n1,n2,b,s1,s2 ,g,Z)  ≡  n1 e(n1)/(n1)g  + n2 e(n2)/(n2)g
        = b(n1 - 1)s1Z/n1 + b(n2 - 1)s2Z/ n2 
=  bZ [1  - (s1/n1) -  (s2/n2)].                                                                    (5)-2
Eqs. (5) yield several interesting results. Remark 1 follows immediately by replacing n1 and n2 in Eq. (5)-1by N/2. 
Remark 1. If the two groups are of the same size, i.e., n1 = n2 = N/2, then prize allocation has no effect on the aggregate effort in contests with size effect through costs.  

When the two groups are of different size, then the prize allocation affects the aggregate effort and the cost of aggregate effort. Differentiating E with respect to s1 and utilizing the fact that s2 = 1 - s1, we obtain 

∂E/∂s1   =  b(n1 - 1)(n1)g-1Z   - b(n2 - 1)(n2)g-1Z
                        = bZ [(1-1/n1)(n1)g - (1-1/n2)(n2)g]                                             (6)

If n1 > n2, it follows that (1-1/n1) > (1-1/n2) and (n1)g ≥ (n2)g. This establishes ∂E/∂s1 > 0 in Eq. (6). It can also be shown from Eq. (5)-2 that
             ∂R/∂s1  =  bZ(n1 - n2)/n1n2  >  0  if n1 > n2,  

which establishes 

Remark 2. In contests with size effect through costs, the aggregate effort and the cost of aggregate effort increase in the prize share of the larger group.  
The smaller the group, the lower is the intensity of intra-group competition. Thus, an increase in the prize share of the smaller group decreases the overall intensity of competition. If the objective of the government is to increase aggregate effort, it would rather encourage competition in the larger group by allocating larger share of prize to that group. In other words, to increase effort expended in the contests with size effect through costs, the contest organizer such as government would make the prize share of the larger group as large as possible.
 
The aggregate payoffs of the two groups are given by summation of W(n1) and W(n2), calculated as  
W(n1) + W(n2)

 = [(1-b) n1 + b]s1Z/n1  +  [(1-b) n2 + b]s2Z/n2
       = (1-b)Z + bZ[(s1/n1) +  (s2/n2)].                                                                 (7)
When the two groups are of the same size, i.e., n1 = n2, prize allocation has no effect on the aggregate payoffs. It is easy to find that W(n1) + W(n2) increases in s1 if n1 < n2. This gives 

Remark 3. In contests with size effect through costs, the aggregate payoffs increase in the prize share of the smaller group. 

In other words, the government can increase the aggregate payoffs by increasing the prize share of the smaller group. The intensity of competition increases in the number of contenders. By increasing the prize share of the smaller group, the government may mitigate the intense competition, thereby increasing the aggregate payoffs.
 
2.1 Benchmark case of proportional allocation 
The government can allocate the prize in various ways. There are many plausible ways of prize allocation between the two groups. A natural way of allocation is to give the prize in proportion to group size. That is, si = ni/N, for i = 1, 2. In this case, the aggregate effort and payoffs may not be maximized. However, in the real world, the prizes are often distributed in proportion to group size. One possible reason is because it is politically feasible to do so. That is, it is easy to implement, since many stakeholders perceive this scheme fair
From Eqs. (4), (5) and (7), one can easily find, for i = 1, 2, 

e(ni; s*) =  b(ni - 1)(ni)g-1 Z/N,                                                                     (4)΄-1

v(ni; s*) = [(1-b)ni + b] Z/niN,                                                                     (4)΄-2

W(ni; s*)  = ni v(ni; s*) = [(1-b)ni + b]Z/N,                                                  (4)΄-3 
E(n1,n2; s*) =  n1 e(n1; s*)  + n2 e(n2; s*)  
= b(n1 - 1)(n1)gZ/N + b(n2 - 1)(n2)gZ/N                                          (5)΄-1
   R(n1,n2; s*)  = n1 e(n1; s*)/(n1)g + n2 e(n2; s*)/(n2)g 

= b (N – 2)Z/N, and                                                                      (5)΄-2
W(n1; s*)  + W(n2; s*)    =   (1-b)Z + 2bZ/N,                                               (7)΄
where s* denotes the proportional prize allocation scheme, i.e., s* = ni/N, for i = 1, 2. 
Eq. (5)΄-2 shows that the cost of aggregate effort is independent of contender distribution. Eq. (7)΄shows that the aggregate payoffs remain the same regardless of contender distribution across groups as well.
Remark 4. If si = ni/N for i = 1, 2,  then the cost of aggregate effort expended in the contest and the aggregate payoffs are independent of contender distribution across groups.

Each contender in the larger group expends more effort on contest than each contender in the smaller group, (Eq. (4)΄-1). As a result, the larger group expends more on contest than the smaller group. However, the cost of aggregate effort and the aggregate payoffs remain the same. Examining Eq. (4)΄-2, one can easily find that each contender in the smaller group receives more payoff than each contender in the larger group. This result establishes 

Remark 5. In contests with size effect through costs, the contenders in the larger group have an incentive to move to the smaller group. 
As a result, the two groups tend to be of equal size.
 This result can be related to Gradstein and Konrad (1999). Examining multi-stage contests, they find that the groups in each stage should be of equal size for the aggregate effort to be maximized. The present paper finds that inter-group mobility of contenders allows for the groups to be of equal size when the prize is allocated in proportion to group size in contests with size effects in costs.
  
2.2 Integrated vs. Decentralized Contest 

Rather than allocating the prize between the two groups, the government can integrate the two groups and give the whole prize Z to one of N contenders. In this case N contenders engage in competition to win the prize Z. We now compare this integrated (centralized) contest with the decentralized one. In the integrated contest, the individual effort, individual payoff and the aggregate payoffs are given by
 

        e(N) =  b(N-1)Ng-2Z,                                                                                   (4)˝-1 

v(N) = [(1-b)N +b]Z/N2,                                                                             (4)˝-2 

W(N)  = N v(N) = [(1-b)N +b]Z/N.                                                             (4)˝-3 
We now compare the integrated contest with the contest with proportional prize allocation. Comparing Eqs. (4)˝ with Eqs. (4)΄, one can easily find that
 N e(N) = b(N-1)Ng-1Z   > b(n1 - 1)(n1)gZ/N + b(n2 - 1)(n2)gZ/N = E(n1,n2; s*) (8)-1
R(N) = N e(N) /Ng  =  b(N - 1)Z/N >  b(N – 2) Z/N = R(n1,n2; s*)               (8)-2

W(N) = (1-b)Z  + bZ/N  < (1-b)Z + 2bZ/N  = W(n1; s*)   + W(n2; s*)       (8)-3 

Eq. (8)-1 follows since (N-1) > (n1 - 1) + (n2 - 1) and Ng > (n1)g + (n2)g. Eqs. (8) yield 
Remark 6.  (1) The aggregate effort and the cost of aggregate effort in the integrated contest are respectively greater than that in the decentralized contest with size effect through costs and proportional prize allocation. (2) The aggregate payoffs in the integrated contest are smaller than that in the decentralized contest with size effect through costs and proportional prize allocation. 
To maximize the aggregate effort in this contest, the government may integrate the contest. This result has some implications for contests for a patent. Research institutions in related fields may benefit from the contest of contenders. If the positive group size effects in costs to other related fields are sufficiently large, the government should integrate the contest. Regarding patent policy, the government should integrate the related fields of technology and bestow one big patent rather than dividing the technology and bestowing two small patents. By doing so, the government can increase socially beneficial R&D activities. If the government is not so sure about the group size effects to contenders outside the contest, then it may decentralize the contest, thereby mitigating excessive rent-seeking contest and increasing aggregate payoffs to contenders. However, this result does not provide much insight for the example of division of research funds. In this case, the integration of the two regions does not generate economies of scale since the geographical proximity is no longer applied. 
3. Contests with size effect through non-pecuniary prizes

This section examines the contest in which group size effects are realized through prizes. The prize of the contest may increase in the number of contenders participating in the contest.
 We provide the rationale for this contest as follows. The more contenders participate in the contest and the fiercer the competition, the more honor and pride would be realized for the winner of the contest. A winner of the Masters Championship in PGA tour enjoys bigger prize money, the more the galleries. Quite naturally the crowd would enjoy watching a fierce competition between contenders in sporting contests. Even when the pecuniary prize is fixed, it is likely that social psychological prize (or benefit)
 can be attached to the winner of the contest as the number of contenders increases.
 We can think of this contest as any conventional (public finance-related) contest. For example, the federal government allocates federal relief aids to the states or countries affected by natural disasters. 
As in Section 2, N contenders are divided into two groups denoted 1 and 2, respectively, where N ≥ 2. Group i consists of ni contenders, where 1 ≤ ni ≤ (N-1) for i = 1, 2, and n1 + n2 = N. The government allocates siZ amount of prize to group i, where 0 ≤ si ≤ 1 for i = 1, 2, and s1 + s2 = 1. Following Eggert and Kolmar (2006), the prize for group i is given by siZ(ni)g for i = 1, 2. Thus, ni contenders of group i compete for the prize siZ(ni)g, for i = 1, 2. 
Contender j of group i solves the problem, for i = 1, 2, and j = 1,2,… ni  

       Max vij  ≡  pij si Z(ni)g - eij                                                                                  (9)

eij 
where pij  is given by pij  = (eij)b/Σk(eik)b and denotes the fraction of the prize accruing to contender j of group i, or the probability that contender j of group i wins the entire prize. Note that the contenders are endowed with resource that is now directly used in the contest, while the resource is transformed into input to the contest in Section 2. This maximization problem differs from (3) in that size effects are realized through prize rather than through cost of effort. 
Simultaneous solution of the maximization problems in Eq. (9) gives the equilibrium effort e(ni) of each contender, payoff v(ni) to each contender, and the aggregate payoffs W(ni), as follows.

        e(ni) =  b(ni - 1)(ni)g-2si Z,                                                                               (10)-1

v(ni) = [(1-b)ni + b](ni)g-2si Z,  and                                                                 (10)-2

W(ni)  = ni v(ni) = [(1-b)ni + b ](ni)g-1si Z,    for i = 1, 2.                                (10)-3 
Unlike the contest with size effect through costs, the parameter g now affects the individual payoff and the aggregate payoffs.
The aggregate effort and the aggregate payoffs can be easily obtained. The aggregate effort expended in the contest is 

E  ≡  n1 e(n1) + n2 e(n2) 

=   b(n1 - 1)(n1)g-1s1Z + b(n2 - 1)(n2)g-1s2Z .                                             (5)˝-1
From Eq. (5)˝-1, the following result is obtained. 

Remark 7. In contests with size effect through prizes, the aggregate effort increases in the prize share of the larger group.  
Thus, an increase in the share of the smaller group decreases the intensity of competition. This result is qualitatively equivalent to Remark 2 in Section 2. To increase aggregate effort, the government should allocate as much prize as possible to the larger group. 
Given the values of ni, Z, si, and g, one can derive the individual effort, individual payoff and the aggregate payoffs. To derive more specific results, we now consider the specific case when si  = ni/N for i = 1, 2.  That is, the prize Z is allocated in proportion to group size. With this scheme, the following results are obtained. 

e(ni; s*) =  b(ni  - 1)(ni)g -1Z/N,                                                                   (11)-1

v(ni; s*) = [(1-b)ni + b] (ni)g -1Z/N,                                                            (11)-2

W(ni;s*)  = ni v(ni;s*) = [(1-b)ni + b] )(ni)gZ/N,                                         (11)-3 
E(n1,n2; s*) =  n1 e(n1; s*)  + n2 e(n2; s*)  

 = b(n1 - 1)(n1)gZ/N  + b(n2 - 1)(n2)gZ/N                                         (11)-4
W(n1;s*) + W(n2; s*)  = [(1-b)n1 +b] )(n1)gZ/N + [(1-b)n2 +b] )(n2)gZ/N   (11)-5
Compared to the contest with size effect through costs, the payoffs to the contenders in the contest with size effect through prizes increase by the factor of (ni)g for contenders in group i, for i = 1, 2. Comparing e(n1; s*) with e(n2; s*), one can easily find that each contender in the smaller group expends less than each contender in the larger group. In the aggregate, the larger group spends more than the smaller group. 
The government allocates prize in proportion to group size. However, the prize to the winner in the larger group increases by the factor of (ni)g when he belongs to group i, which further intensifies the competition in the larger group. This is so because additional psychological prize (given the pecuniary prize) works to intensify competition among contenders. Still, the aggregate payoffs to the larger group are greater than those to the smaller group. However, individual payoff in the smaller group may or may not be greater than individual payoff in the larger group. Depending upon values of n1, n2, g and N, the contender in the larger group can obtain a larger payoff than the contender in the smaller group. 
3.1 Integrated vs. symmetric decentralized contest

We now compare the symmetric decentralized contest with the integrated contest. Rather than allocating the prize to two groups of contenders, the government can integrate the two groups and give the whole prize Z to one of N contenders. In this case N contenders engage in competition to win Z. The individual effort, individual payoff and the aggregate payoffs are given by 

        e(N) =  b(N - 1)Ng-2Z,                                                                              (12)-1

v(N) = [(1-b)N +b]Ng-2Z                                                                          (12)-2

W(N)  = N v(N) = [(1-b)N +b]Ng-1Z                                                        (12)-3 
In the symmetric decentralized contest, each group consists of N/2 contenders.
 Contenders in each group compete for the prize N/2. The individual effort, the individual payoff and the aggregate payoffs are given by 

e(N/2) =  b(N - 2)Ng-2Z/2g,                                                                      (12)΄-1

v(N/2) = [(1-b)N + 2b]Ng-2Z /2g                                                              (12)΄-2

2 W(N/2)  = 2 (N/2) v(N/2) = [(1-b)N + 2b]Ng-1Z/2g                                             (12)΄-3 
From Eqs. (12) and (12)΄ one can easily find that

    v(N) - v(N/2)  = (Ng-2Z/2g) [2g{(1-b)N +b} – {(1-b)N + 2b}]. 
Thus, if 2g > [(1-b)N + 2b]/[(1-b)N + b], then v(N) > v(N/2), and vice versa. Simple calculation shows that
1  <  [(1-b)N + 2b]/[(1-b)N + b]  ≤  2. 
Let us define g* such that 
2g* ≡ [(1-b)N + 2b]/[(1-b)N + b].
 If b = 1, then g* = 1. If 0 < b < 1, then g* belongs to the interval (0,1). The parameter g* is the critical value of the externality parameter g. Simple calculation and definition of g*  gives
Remark 8. For any g < g*, v(N) < v(N/2).  For any g > g*, v(N) > v(N/2). 
If g = g*, v(N) = v(N/2).  
If the size effect is large enough, the integrated contest can yield higher individual payoff than the symmetric decentralized contest. The aggregate payoffs in the integrated contest can also be greater than those in the symmetric decentralized contest. This result is in sharp contrast to the one in contests with size effect through costs, where the aggregate payoffs in decentralized contests are always greater than those in the integrated one (see Remark 6). In contests with size effect through prizes, the integrated contest can be better than the decentralized one if the size effect is large enough. Moreover, from the definition of the g* one can easily obtain the following result.

Remark 9. (1) dg*/dN < 0 if 0 < b < 1. (2) dg*/dN = 0 if b = 1.
The critical value of the group size parameter g* decreases in the number of contenders if 0 < b < 1. Thus, an increase in the number of contenders makes it more likely that the integrated contest is better than the decentralized contest. This is so because the increase in the number of contenders makes external effects stronger. 
4. Concluding Remarks

This paper examines top-down allocation of prizes in contests in which the number of contenders affects prizes and costs. The aggregate effort proves to increase in the prize share of the larger group. Thus, to increase the aggregate effort, the government may allocate a larger share of prize to the larger group for efficiency concerns. In contests with size effect through costs, the aggregate payoffs prove to increase in the prize share of the smaller group. The paper derives the neutrality that the aggregate payoffs in contests with size effect through costs are independent of contender distribution across groups if the prize is allocated in proportion to group size. The groups tend to be of equal size, if contenders are allowed to move across groups. In contests with size effect through non-pecuniary prizes, integration of contests can yield higher aggregate payoffs than in the decentralized contests.  Moreover, an increase in the number of contenders makes it more likely that the payoffs in the integrated contest are greater than in the decentralized contests. Overall, integration of contests seems to be a more viable policy option in contests with size effect through non-pecuniary prizes.
    This paper provides some policy implications. First, this paper can supply a clue to the relationship between the role of public finance and industry clustering. So far, to the authors’ best knowledge, we have not found any solid evidence on the origin of external economies. But in the future, we hope that we can draw a relationship between public aid or allocation of budget and the development of industry clustering as we further investigate the model of contest with size effect through costs. Second, the model in Section 3 can provide an important insight on public finance. Public officials have to realize that not only pecuniary but also non-pecuniary prizes are important in the allocation of public funds. 

  The present paper can be extended in several respects. An obvious extension is to allow for more than two groups of contenders. This extension would not change the qualitative results of the paper, however. An interesting extension would consider collective contest between groups of contenders. The theory of collective contest may offer a viable path to approach this issue.
 In a broader perspective, the present paper is related to the theme of optimal contest design examined by Gradstein and Konrad (1999) and Gradstein (1998). Examination of the role of externalities in optimal contest design would be an interesting issue as well. 
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� For a collection of important contributions to the theory of rent-seeking contest, see Congleton, Hillman, and Konrad (2008). See also Konrad (2009) for a succinct and unified treatment of the theory of contest.  


� While most papers in the theory of contest assume that resources are directly used as an input to the contest, the present paper assumes that the resources be transformed to an input prior to the contest. 


� For a related but different explanation, see Lee (2007).


� It is also possible that g < 0. In this case, negative group size effects are present. The more contenders, the higher the unit cost of effort.


� Eggert and Kolmar (2006) and Lee (2007) allow the possibility that b = 0. The present paper excludes this case because there no longer exists contest between contenders if b = 0. 


� For the case with g < 0, the following explanation holds. Negative size effect in costs increases unit cost of effort in contest, which in turn decreases effort. The increase in unit cost of effort is exactly offset by the decrease in effort, thereby leaving the individual cost of effort eij /(ni)g unaffected by the parameter g.


� We do not take any a priori position on the role of government. Depending upon situations, the objective of the government may be either aggregate effort maximization or aggregate payoff maximization. In other words, the analysis in this section is a positive analysis, not a normative analysis.  


�  The objective of the government may be dependent on characteristics of the contest. In rent-seeking contests, government would try to minimize effort expended in the contest.  However, for welfare-augmenting R&D contests, government would try to increase effort expended in the contest that is believed to generate positive spillover effect. In this paper, we do not postulate any particular position of government regarding effort or payoffs of contenders. See footnote 7. 


� Baik and Lee (1997) examine collective contests with inter-group mobility. They show that the groups tend to be of equal size if contenders can move across groups. Remark 5 in the present paper is related to Propositions 2 and 3 of Baik and Lee (1997). 


� Of course, this result holds as long as inter-group migration is costless.


� Note that the optimization problem of each contender in the integrated contest is qualitatively equivalent to Eq. (3) except for the number of contenders. 


� Eggert and Kolmar (2006) also considered a similar setup.


� Social psychology may play a role since different societies may be assigned with a different g. 


� Notice that the psychological benefit may originate from the value of skill signaling (an increase of future expected income). For example, the difference between the major win and regular win in the PGA tour is certainly greater than the nominal difference in prize money, as a major win can signal the quality of the winner, thereby increasing the possibility of sponsorship contracts, etc. For academic profession, the difference in reward from a paper in major journals and one from a paper in specialty journals is certainly greater than the difference in paper quality.  


� To reduce the number of variables, the present paper uses the same notation for effort, individual payoff, and the aggregate payoffs, respectively, both in the contest with size effect through prizes and those with size effect through costs. That is, e(ni) in Section 2 denotes the individual effort in contests with size effect through costs while in Section 3 e(ni) denotes the individual effort in contests with size effect through prizes, etc. 


� For simplicity, we focus our attention to the case when N is an even number. 


� For the theory of collective contest, see Nitzan (1991), Lee (1995), and Baik and Lee (2001).  
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